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1. INTRODUCTION

In 1970, Levine [8] introduced the notion of
generalized closed (briefly g-closed) sets in
topological spaces. M. K. R. S. Veera kumar [19]
introduced a new class of sets, namely g*-closed sets
in topological spaces. Veerakumar [20] introduced the
notion of g*-closed sets in topological spaces.

By combining a topological space (X, ) and an ideal
J on (X, 7), Ravi et al. [16] introduced the notion of
J4- -closed sets and investigated the properties of
J4+-Closed sets.
An ideal 7 on a topological space (X, 7) is a
nonempty collection of subsets of X which satisfies

(1) A€ 7 and BcA=Be 7 and

(2) A€ 7 and BE 7 >AUBE 7.
Given a topological space (X, 7) with an ideal 7 on X
and if go(X) is the set of all subsets of X, a set operator
()" 1 p(X)— p(X), called a local function [5] of A
with respect to T and 7 is defined as follows: for
AcX, A*(3,71)={xeX : UnAg J for every Ue 7(X)}
where t(X)={U€ 7 : xeU}. We will make use of the
basic facts about the local functions ([4], Theorem 2.3)
without mentioning it explicitly. A Kuratowski
closure operator cl *(.) for a topology 7 *(J,7), called
the = -topology, finer than 7 is defined by

Nmg

nmg#-closed sets and obtain the
#-closed sets in an nano ideal minimal structure

nmg'-closed set.
cl *(A)=AUA *(7,7) [18]. When there is no chance for
confusion, we will simply write A* for A*(J,7) and
t* for t*(J,7). If 7 isanideal on X, then (X, t, 7)is
called an ideal topological space. A subset A of an
ideal topological space (X, t, 7) is =-closed [4] if
A* €A. The interior of a subset A in (X, 7*(7)) is
denoted by int *(A).

Pandi et.al [9] introduced the notion of Nmg*-closed
sets and properties of Nmg* -closed sets were
investigated.

Recently, V.BA.\Vijeyrani and A.Pandi [21]
introduced the notion of Nmg*-closed sets are obtain
the unified characterizations for certain families of
subsets between nano closed sets and Nmg*-closed
sets were investigated.

In this paper, we introduce the notion of 7, «-closed
sets in nano ideal minimal structure spaces. we obtain
some basic properties of 7, .#-closed sets. we define
several new subsets in nano ideal minimal structure
spaces which lie between nano *-closed sets and
T ymgt-closed sets.

Nm,
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2. PRELIMINARIES

Throughout this paper (U,tz(X)) (or X) represent
nano topological spaces on which no separation
axioms are assumed unless otherwise mentioned. For
a subset A of a space (U,7zx(X)), n-cl(A) and
n-int(A) denote the nano closure of A and the nano
interior of A respectively. We recall the following
definitions which are useful in the sequel.

Definition 2.1 [12] Let U be a non-empty finite set of
objects called the universe and R be an equivalence
relation on U named as the indiscernibility relation.
Elements belonging to the same equivalence class are
said to be indiscernible with one another. The pair (U,
R) is said to be the approximation space. Let X € U.

1. The lower approximation of X with respect to R is
the set of all objects, which can be for certain
classified as X with respect to R and it is denoted by
Lp(X). Thatis, Lr(X) = Uxey {R(x):R(x) € X},
where R(X) denotes the equivalence class determined
by x.

2. The upper approximation of X with respect to R is
the set of all objects, which can be possibly classified
as X with respect to R and it is denoted by Ug (X).
Thatis, Ur(X) = Uyey {R(X):R(x) N X # ¢}.

3. The boundary region of X with respect to R is the
set of all objects, which can be classified neither as X
nor as not - X with respect to R and it is denoted by
Br(X). Thatis, Bx(X) = Ug(X) — Lr(X).

Property 2.2 [6] If (U, R) isan approximation
space and X,Y < U; then

1. Lg(X) S X € Ug(X);

2. Lr(¢) = Ur(¢) = ¢ and Lr(U) = UR(U) =
U;

3. Ur(XUY) = Ug(X)UUg(Y):
4. Ug(X NY) S Ur(X) N Ug(Y):

5. Lr(XUY) 2 Lg(X) U Lg(Y);
6. Lp(XNY) S Ly(X)NLg(V;

7. Lr(X) € Lg(Y) and Ugr(X) € Ugx(Y) whenever
Xcy,

8. Up(X®) = [Lr(X)]® and Lg(X€) = [Ur(X)]";

©

- UpUr(X) = LrUg(X) = Ur(X);

10. LrLr(X) = UgLr(X) = Lr(X).

Definition 2.3 [6] Let U be the universe, R be an
equivalence relation on U and 7z (X) =
{U,d,Lg(X), Uz (X), Bg(X)} where X < U. Then by
the Property 2.2, 75 (X) satisfies the following
axioms:

1. Uand ¢ € 13(X),

2. The union of the elements of any sub collection of
TR (X) isin tx(X),

3. The intersection of the elements of any finite
subcollection of 7x(X) isin 7z(X).

That is, tz(X) is a topology on U called the nano
topology on U with respect to X. We call (U, 7x(X))
as the nano topological space. The elements of 7(X)
are called as nano open sets and [tz (X)]¢ is called as
the dual nano topology of [tz (X)].

Remark 2.4 [6] If [tz (X)] is the nano topology on U
with respect to X, then the set
B ={U, ¢, Lr(X), Bg(X)} is the basis for 74 (X).

Definition 2.5 [6] If (U, tz(X)) isanano topological
space with respect to U and if A € U, then the nano
interior of H is defined as the union of all nano open
subsets of A and it is denoted by n-int(A).

That is, n-int(A) is the largest nano open subset of A.

The nano closure of A is defined as the intersection of
all nano closed sets containing A and it is denoted by
n-cl(4).

That is, n-cl(A) is the smallest nano closed set
containing A.

Definition 2.6 [3] An ideal 7 on a nano topological
space (X, t) is a nonempty collection of subsets of X
which satisfies
(1) AeJ andB € A= B €7 and
(2)AejJandB€eJ = AuBEeT.

Definition 2.7 [7] A nano topological space

(U, tx(X)) with an ideal 7 on U is called a nano
ideal topological space or nano ideal space and
denoted as (U, tz(X), 7).

Definition 2.8 [7] Let (U, tx(X),7) be a nano ideal
topological space. If go(X) is the set of all subsets of
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U, a set operator (.) * : go(U) — g(U) is called the
nano local function of 7 on U with respectto 7 on
Tr(X) isdefinedas Ay, ={x e U:UNnA ¢ 7, for
every U € 1x(X)} and is denoted by A;,, where nano
closure operator is defined as n-cl *(A) = A U A4;,.

Result 2.9 [7] Let (U, tx(X),J) be a nano ideal
topological space and A and B be subsets of U. Then

1. ACB =4, € B

2. A; =n-cl(4;) € n-cl(A) (4;, is an-closed subset
of n-cl(A)),

3. (Awn S An,
4. (AUB), = A, VB,

5. ForeverynanoopensetV =V nA4,=Vn¥n
A € (VN A,

6. JETI=> (AU =4n=(A~])n

Result 2.10 [7] Let (U,tx(X),J) be a nano ideal
topological space and A be a subset of U, If A C 4;,,
then 4;, =n-cl(4y) = n-cl(A) = n-cl *.

Theorem 2.11 [11] In a space (U, tz(X),J), if Aand
B are subsets of U, then the following results are true
for the set operator n-cl *.

1. A < ncl*(A),

2. n-cl*(®) = ¢ and n-cl *(U) = U,

3. If A c B, thenn-cl *(A) < n-cl *(B),

4. n-cl*(A) U n-cl *(B) =n-cl *(A U B),

5. n-cl *(n-cl *(A)) = n-cl *(A).

Definition 2.12 A subset A of a nano topological
space (U,tx(X)) is called

1. nano regular-open [6] if A = n-int(n-cl(A)).

2. nano m-open [1] if the finite union of nano
regular-open sets.

The family of nano regular-open (resp. nano m-open)
sets is denoted by NRO(U,txz(X)) (resp. NmO(U,

R(X))).

The complements of the above mentioned sets is

called their respective closed sets.

Definition 2.13 [2] A subset A of a nano topological
space (U,1x(X)) is called nano g-closed if
n-cl(A) € G whenever A € G and G is nano open.

The complements of nano g -closed set is nhano
g-open set.

The family of all nano g-open sets of U is denoted by
NgO(U,tRr(X)).

Definition 2.14 A subset A of a nano ideal
topological space (U, 1z (X),7) is called

1. nano *-closed [10] if A;, € A.

2. nano regular-7-open(briefly, ni-regular-open) [7]
if A =n-int(n-cl *(A)).

3. nano m-J-open(briefly, m-nJ-open) [14] if the
finite union of nano regular-J7-open sets.

The complements of the above mentioned sets is
called their respective closed sets.

Definition 2.15 A subset A of a nano ideal
topological space (U,1x(X),J) is called;

1. nano J-g-closed(briefly, nJ,-closed) [10] if A
C G whenever A € G and G is nano open.

2. nano J-g*-closed(briefly, nJ --closed) [15] if Aj
C G whenever Ac G and G is
nano g-open.

The complements of the above mentioned sets is
called their respective open sets.

Definition 2.16 [13] A subfamily my of the power set
#(X) of a nonempty set X is called a minimal
structure (briefly m-structure) on X if ¢ € my and
U € my.

By (X,my), we denote a nonempty set X with a
minimal structure my on X and call it a m-space.
Each member of my is said to be my-open (briefly
m-open) and the complement of an my-open set is
said to be my-closed (briefly m-closed).

Definition 2.17 [9] A nano subfamily Nmy of the
power set g(U) of a nonempty set U is called a nano
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minimal structure (briefly Nm-structure) on U if ¢
€ Nmy andU € Nmy,.

By (U,Nmy), we denote a nonempty set U with a
nano minimal structure Nm; on U and call it a nano
m-space(briefly Nm-space). Each member of Nmy
is said to be nano Nmy-open (briefly Nm-open) and
the complement of an nano Nmy-open set is said to
be nano Nmy-closed (briefly Nm-closed).

Definition 2.18 [9] A nano topological space

(U, Tz (X)) with a nano minimal structure Nmy on
U is called a nano minimal structure space

(U, 7r(X), Nmy).

Definition 2.19 [9] Let (U, Nmy) be an Nm-space.
For a subset A of U, the Nm,-closure of A and the
Nm-interior of A are defined in as follows:

1. Nmy-cl(A) =n{F:A S F,F¢ e Nmy}.
2. Nmy-int(A) =u{V:V € AV € Nmy}.

Definition 2.20 [9] Let (U, tx(X), Nmy) be a nano
minimal structure space. A subset A of U is said to
be

1. nano minimal generalized closed(briefly
Nmg-closed) if Ncl(A) € V whenever A € V and
V is Nmy-open.

2. nano minimal generalized open(briefly
Nmg-open) if its complement is called Nmg-closed.

The family of all Nmg -open sets in U is an
Nm -structure on U and denoted by
NmgO (U, tz(X), Nmy).

Definition 2.21 [21] Let (U, tx(X), Nmy) be a nano
minimal structure space. A subset A of U is said to be

1. nano minimal generalized closed(briefly
Nmg*-closed) if Ncl(A) < V whenever A € V and
V is Nmg-open.

2. nano minimal generalized open(briefly
Nmg~-open) if its complement is Nmg*-closed.

The family of all Nmg* -open sets in U is an
Nm -structure on U and denoted by
Nmg*O(U, tx(X), Nmy).

Definition 2.22 [21] Let

(U,Nmg*0(U,1g(X), Nmy)) be a nano minimal
structure space. For a subset A of U, the
Nmg~-closure of A and the Nmg*-interior of A are
defined as follows:

1. Nmg*clA)=n{F:Ac F,U-FEe€
Nmg*O(U,tx(X), Nmy)},

2. Nmg*int(A)= u{V:V c AV e
Nmg*0(U,tx(X), Nmy)}.
3. Iyma#-CLOSED SETS

Nmg

We obtain several basic properties of 7, «-closed

sets.

Nmg

Definition 3.1 A subset A of a nano ideal topological
space (U,1x(X),7) is called;

N

1. nano J-rg-closed(briefly, nJ,,-closed) if A
G whenever A € G and G is nano regular-open.

2. nano J-mg-closed(briefly, nJ,,-closed) if A;, <
G whenever A € G and G is nano m-open.

The complements of the above mentioned sets is
called their respective open sets.

Definition 3.2 A nano ideal topological space

(U, tx(X),3) with a nano minimal structure Nmy on
U is called a nano ideal minimal structure space
(U,7r(X),3, Nmy).

Definition 3.3 (U, tx(X),J, Nmy) be a nano ideal
minimal structure space. A subset A of U is said to be

1. nano 7, +-closed(briefly, 7., «-closed) if A,
C G whenever A € Gand G is Nmg*-open.

2. Iy #-0pen if its complement is 7, _«-closed.

Nmg Nmg

Remark 3.4 Let (U,txz(X),J, Nmy) bean nano ideal
minimal structure space and A a subset of U. If
Nmg* O (U,7x(X),3,Nmy) = Ng O (U,txz(X))
(resp. R(X), Nt O(U,tx(X)), NRO(U,tx(X)))
and A is nano 7, -closed, then A is said to be
Iymgt -Closed (resp. n J; -closed, n 7, -closed,

nJ,.4-closed).

Proposition 3.5 Every nano =-closed set is
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nJ,--closed.
Proof. It is obvious.

Example 3.6 Let U ={a, b, c} with U/R =

{{b},{a, c}} and X = {c}. Then the nano topology
R(X) ={@,U,{a, c}}, 7 ={@, {c}}and Nm; ={9,
U}. Then nano =-closed sets are @, U, {b}, {c}, {b, c}
and nJ,--closed sets are @, U, {b}, {c}, {a, b}, {b, c}. It
is clear that {a, b} is nJ,--closed set but it is not nano
*-closed.

Proposition 3.7 Let Nmg*O(U, tz(X), Nmy) <
NgO(U, tx(X)). Then every nJ --closed set is

T nmg#-closed but not conversely.

Proof. Suppose that A is an nJ,--closed set. Let A <
G and G € Nmg®O(U, tz(X), Nmy). Since
Nmg*O(U, tx(X), Nmy) € NgO(U, tx(X)), 45,
€ Gand hence A is Iy, ,#-closed.

Example 3.8 Let U ={a, b, ¢, d} with U/R =
{{a},{b,c,d}} and X = {a, b}. Then the nano
topology 7x(X) ={®, U, {a}, {b, ¢, d}}, 7 = {@} and
Nmy ={0, U, {a, b}, {a, c}, {b, d}}. Then nJ --closed
setsare @, U, {a}, {b, c,d}and Jng#-cIosed sets are
0, U, {a},{a, d}, {b, c}, {c,d}, {a, b, c},{a, b, d}, {a, c,
d}, {b, c, d}. It is clear that {a, d} is 7, «-closed set
but it is not nJ,--closed.

Nmg

Remark 3.9 Let Nmg*O(U, tx(X), Nmy) <
NgO(U, tz(X)). Then we have the following
implications for the subsets stated above.

nano x-closed — nJjg-closed =7y, .«
Corollary 3.10 IfAand B are 7, «#-closed sets in
(U, 7r(X), 3, Nmy), then A U Bis 7y, #-closed.
Proof. Let A U B € G where G is Nmg"-open.
Then A € G and B < G. Since A and B are
Inymgt-closed, then A7, < G and B; S G and so A,
U B, € G. By Result 2.9, (A U B); = 4;, U B;.
Hence A U Bis Ty, ,#-closed.

Definition 3.11 [21] An Nm-structure Nmg*O(U,
TR (X), Nmy) on a nonempty set U is said to have
property J,- if the union of any family of subsets
belonging to Nmg*O(U, tz(X), Nmy) belongs to
NmgO(U, tz(X)).

Example 3.12 Let U ={a, b, ¢, d} with U/R =
{{a},{b,c,d}} and X = {a, b}. Then the nano
topology 7z (X) ={0@, U, {a}, {b, c, d}} and Nm, =
{8, U, {a, b}, {a, c}, {b, d}}. Then Nmg*-open sets
are 9, U, {a}, {b}, {c}, {d}, {a, b}, {a, c}, {b, d} and {b,
¢, d}. It is shown that Nmg*0O (U, 1z (X), Nmy) does
not have property Rj,.

Proposition 3.13 Let Nmg*O(U, tz(X), Nmy) S
NgO(U, (X)) and Nmg*O(U, tx(X), Nmy) have
property Jy. If Ais Iy, #-closed set and B is nano
*-closed set, then A N B is Jy,, ,#-closed.

Proof. Let A n B < G where G is Nmg™-open.
Then we have A € G U(U—B). Since 1z(X) <
Nmg*O(U, tz(X), Nmy) € NgO(U, 7x(X)) and so
G u(U-B) is Nmg*-open. Since A is Iy, .#-closed,
then 4;, € G U (U-B) and hence 4;, n BS G n
B € G.ByResult2.9, (A n B); € A; N Bj. Since
Tx(X) € 7, B is nano *-closed and B, < B.
Therefore, we obtain (A n B);, € 4;, N B, S A4;,
N By S G. This shows that A N Bis 7y, #-closed.

Proposition 3.14 IfAis J
B < n-cl*(A), thenBis 7

vmgt-closed and A <
nmg*-closed.

Proof. LetB = G where Gis Nmg*-open. Then A <
Gand Ais Jy,, #-closed. Therefore A, < Gand By,
c n-cl*(B) € n-cl *(A) = A U 4;, < G. Hence B is
I nmgt-closed.

Proposition 3.15 A subset A of X is 7, -+-open if

and only if F € n-int *(A) whenever F € Aand F is
Nmg*-closed.

Proof. Suppose that Ais 7y, .#-open. LetF < Aand
F be Nmg~*-closed. Then U-A < U—F and U—F is
Nmg* -open. Since U—A is Jy, «-closed, then
(U-A); € U=F and U—n-int *(A) = n-cl "(U-A) =
U-A) U U-A); < U—-F and hence F <
n-int *(A).

Conversely, let U-=A < G where G is Nmg*-open.
Then U-G < A and U—-G is Nmg~-closed. By the
hypothesis, we have U—-G < n-int *(A) and hence
U=-A),y S ncl*(U=-A) = U—n-int *(A) c G.
Therefore, U — A is 7, _# -closed and A is
Ty g#-0pPEN.

Nmg

Nmg
Corollary 3.16 Let Nmg*O(U, tx(X), Nmy) <

NgO(U, tz(X)) and Nmg*O(U, tx(X), Nmy) have
property J,-. Then the following properties hold:
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1. Every nano =-open set is nJ,«-open and every

Iy #-0pen setis 7, s#-0pen,

Nmg Nmg

2. IfAandBare 7y,,,#-o0pen, then A N B is
Tnmgt-OPEN,
3. IfAis 7
U Bis Tymg
4. IfAis 7
BisJ

nmg*-Open and B is nano +-open, then A
#-0pen,

nvmg*-OPenand n-int*(A) < B < A, then
ng#-open.

Proof. This follows from Remark 3.9, Propositions
3.13 and 3.14 and Corollary 3.10.

4. CONCLUSION

In this paper, we define several new subsets in nano
ideal minimal structure spaces which lie between nano
*-closed sets and 7, «#-closed sets are discussed.

This shall be extended in the future Research with
some applications.
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